In this paper we first modify a widely used discrete Laplace Beltrami operator proposed by Meyer et al over triangular surfaces, and then establish some convergence results for the modified discrete Laplace Beltrami operator over the triangulated spheres. A sequence of spherical triangulations which is optimal in certain sense and leads to smaller truncation error of the discrete Laplace Beltrami operator and a sequence of hierarchical spherical triangulations are constructed. Truncation error bounds of the discrete Laplace Beltrami operator over the constructed triangulations are provided.
Introduction
In the computation of numerical weather forecast, partial differential equations (PDE) are often solved on the spherical triangular meshes. Traditional partitions of sphere using latitude and longitude lines are not desirable since the resulting meshes are not uniform, especially at the two poles. Therefore, the use of uniform triangulations in some sense is gaining popularity in the climate modeling community (see [5] [10] ). On the other hand, many PDEs to be solved over sphere involve Laplace Beltrami operator (abbreviated as LB operator in this paper). A discrete version of the LB operator over spherical triangulation is therefore required. The aim of the this paper is to study the convergence of a widely used discrete LB operator proposed by Meyer et al [9] with our modification, and then construct a sequence of spherical triangulations which are uniform approximately and lead to smaller truncation error of the discrete LB operator. In several application areas, such as adaptive technique and multi-grid technique, hierarchical meshes are required. We therefore construct a sequence of triangulations which are hierarchical.
The convergence of the discrete LB operators is the foundation for the convergence analysis of some numerical simulation process of PDE which involves the LB operator. In paper [14] , the author has reviewed several already used discrete LB operators over triangulated surface and study numerically as well as theoretically their convergent behavior. Attention has been focused on a family of discrete LB operators over triangulated surfaces, including Taubin's discretization (see [11] , 1995; [12] , 2000), Fujiwara's discretization (see [6] , 1995), Desbrun et al's discretization (see [2] , 1999), Mayer's discretization (see [8] , 2001), Meyer et al's discretization (see [9] ,2002), and Desbrun et al's discretization (see [3] , 2000). All these discretizations can be written in the following form:
where p i and p j are the vertices of the surface triangulation M , N (i) is the index set of one-ring neighbors of vertex p i , w ij are some constants which depend only on geometric property of the mesh. In another development [15] , the author has proposed several other discretizations that have convergence properties under various conditions. The convergence problems considered in [14] and [15] are for the triangulation of general surfaces.
In this paper, we focus our attention on spherical triangulation. We expect that the particularity of the sphere would yield special and different convergence results. For some reasons that will be clear soon, we only consider in this paper the discretization proposed by Meyer et al (see [9] ,2002) with our modification. The rest of the paper is organized as follows. In section 2, we describe briefly the LB operator and its discretizations , and then, in section 3 and 4, we give several theoretical results of the convergence for the discrete mean curvature and discrete LB operators over sphere, respectively. In section 5, we define the optimal spherical triangulation and describe a computational algorithm. Truncation errors of the discrete LB operators are discussed in section 6. Section 7 concludes the paper.
LB operator and its Discretization
Let M ⊂ IR 3 be a two-dimensional manifold, and {U α , x α } be the differentiable structure. The mapping x α with x ∈ x α (U α ) is called a parameterization of M at x. Denoting the coordinate U α as (ξ 1 , ξ 2 ), then for f ∈ C 2 (M), the Laplace-Beltrami operator ∆ M applying to f is given by (see [1] )
where g ij is defined by G −1 = (g ij ) ij ,
are the tangent vectors. Let p be a surface point of M. Then it is known that (see [13] , page 151) such that the triangles [ 
, we use j + and j − to denote i k+1 and i k−1 , respectively, for simplifying the notation. Furthermore, we use the following convention throughout the paper:
A. Meyer et al's discretization. First let us introduce the discretization of ∆ M f proposed by Meyer et al (see [9] , 2002):
where α ij and β ij are the triangle angles as shown in Fig 2. 1,
is the sum of triangle areas for vertex p i as shown in B. A different derivation. Now we give another derivation of the discrete LBO (2.3). First let us introduce Gauss theorem (see [7] , page 330):
Let M be a Riemannian manifold. Let ∂M be the piecewise smooth boundary of M. Let n be the unit outward normal vector field to the boundary, and X be a C 1 vector field on M with compact support. Then
where dv M and dv ∂M denote the canonical metric on M and ∂M, respectively.
Discretizing (2.6) on the domain as shown in Fig. 2 .1 (shaded part of the right figure) , we obtain the following discretization of ∆ M :
where
Note that this discretization is similar to the one proposed by Ringler and Randall [10] . The difference is that we evaluate the distance and area on triangles, they evaluate over the sphere. From the elementary geometry, we know that 9) where the equalities
are used (formula (2.9) has been obtained by Meyer et al in [9] ). Therefore, our discretization of ∆ M f is as follows:
Note that negative area is used if the angle α ij or β ij is great than π/2. Considering the fact that the triangle area 
Convergence of Discrete Mean Curvatures
First we present an interesting result on the discrete mean curvature approximation H M (p i ) which says that this approximation is exact for regularly distributed vertices.
Proof. Without loss of generality, we may assume that the sphere radius R is one, and p i = (0, 0, 1) T . Then the sphere can be expressed parametrically by
around p i , we further assume that
we have 
Proof. Again, we assume the radius R of the sphere is one and p i = (0, 0, 1) T . Then there
, where Using Taylor expansion, we have
where h = max j∈N (i) h j . Hence
Therefore,
It is easy to see that the third component of ∆ M p i is −2 + O(h). To complete the proof of the theorem, we now illustrate that the first and second components of the numerator in (3.6) are zeros. Letp i andp j , j ∈ N (i), be the projections of p i and p j , respectively, on the xyplane by taking their third components to be zeros. Let V i and V ij be the regions formed by consecutive connecting the pointsq j− ,q j ,q j+ , · · · (see Fig. 3.1 
whereV ij denotes the interior of V ij . Since the domains V i and V ij are flat, the LaplaceBeltrami operator is Laplacian. Take f = (x, y) T , a linear vector function, then ∆f = 0, ∇f is a constant vector. Hence the left-handed side of (3.7) is a zero vector. Since normal n is a constant vector on each line segment of the domain boundaries, (∇f ) T n is a constant vector. Therefore, the right-handed side integrals of (3.7) can be computed exactly. Let m j =p i +p j 2 , and the anglesᾱ ij andβ ij be defined as in Fig. 3.1 . Then it is easy to see that the right-handed side of (3.7) around the edge [p ipj ] is
Parallel to the derivation of (3.5), now we can derive that
Substitute these into (3.8), we obtain that the first and second components of the numerator in (3.6) are zeros. Therefore, the theorem is proved by noting that O(h) = O(r) as r → 0. Proof. Recall that
and p(ξ 1 , ξ 2 ) is a parameterization of S. Let
Without loss of generality, we may assume S is represented as (3.2). Then
and
Substitute these into (4.2), we obtain (4.1). 3
Theorem 4.1 Under the condition of Theorem 3.1, let f be a sufficiently smooth function on S. Then
Proof. It follows from the proof of Theorem 2.1 that
where n = |N (i)|. Now we need to compute f (p j ) − f (p i ). To do so, we assume f is extended smoothly to the neighborhood of surface S. Such an extension is always possible. For instance, a simple way to do so is to define f as a constant function in the normal direction of the sphere. Using Taylor expansion of f (p i ) at p i , we have
where r j = p j − p i . Using (4.4), we have
where r = max j∈N (i) r j . To simplify the notation, let (x j , y j , z j ) = (h cos θ j , h sin θ j , √ 1 − h 2 − 1), then we have
Substitute this into (4.6) and notice that
To complete the proof of the theorem, we need to show that for j = 1, 2, · · · , 8, where j%k stands for j modulo k. Taking f (x, y, z) = cos x + sin y + exp z, and m = 3, 4, 5, · · · , we compute the errors
These errors are listed in the 
Suppose f is sufficiently smooth function over S. Then
Proof. From the proof of Theorem 4.1, we can see that
.
Hence, if we perturb p j such that (4.11) is satisfied. Then
Hence
where lim h→0 o(1) = 0. 3
Optimal Spherical Triangulations and their Computations
We now want to define a spherical triangulation that yields the least truncation error for the Laplace Beltrami operator. Since ∆ S p i = −2H(p i ) = −2p i , we propose the following definition:
Then we say that the triangulation M is optimal.
Regarding vertices p i , i = 1, · · · , N , as unknowns, (5.1) is a system of nonlinear equations. For any given topology of sphere triangulation, the optimal triangulation may not exist. However, for a special class of spherical triangulations. The optimal triangulations do exist. This class of triangulations are generated recursively as follows: Starting with an icosahedron inscribed in the unit sphere, subdivide recursively each triangle into four by dividing each edge into two at the middle point, and then project the middle point to the unit sphere in the normal direction. This process generates a sequence of triangulations that have 20, 80, 320, 1280, 5120, 20480, 81820, · · · , triangles, respectively. We denote these triangulations as Gen(0), Gen(1), · · · . The corresponding optimal triangulations, denoted as Opt(0), Opt(1), · · · , are computed using the following algorithm:
, and set l = 0.
Compute new vertices by
ij are computed using vertex data p
Project p (l+1) i
to the unit sphere in the normal direction,
is less than a given (we choose = 10 −20 , using long double precision arithmetic operations), terminate and p
is the obtained vertex set; otherwise, increase l by one and return to step 1.
In a few recent publications, Du et al [4, 5] 
The SCVT can be computed by begining with Gen(k), and moving the generating points to the constrained mass centroids of their corresponding Voronoi region. With the new set of generators, Voronoi regions are recomputed and the generators are moved again to the constrained mass centroid of the new Voronoi regions. This algorithm is called Lloyd's method (see [4, 5] ). Let Dvt(k) denote the triangulations produced by the dual of SCVT generated from Gen(k) by the modified Lloyd's algorithm. The computations show that Dvt(k) and Opt(k) are very close to each other (see Table 5 .1), though they are not exactly the same. The modified Lloyd's algorithm is the same as Lloyd's algorithm except that the vertices with valence 5 are fixed during the iteration. Fixing vertices with valence 5 in Algorithm 1 and Lloyd algorithm makes the solutions Opt(k) and Dvt(k) unique. Furthermore, this change to the Lloyd's algorithm leads to a faster convergence rate. In Table 5 
is a hierarchical triangulation sequence. What we want to obtained is the triangulations which make equation (5.1) being satisfied approximately. Now we compute Hie(k) as follows: Refine the mesh Hie(k-1) in the same way as computing Gen(k) from Gen(k-1). Modify the refined mesh using Algorithm 1 for the newly added vertices (the vertices of Hie(k-1) are fixed). The distances between Opt(k) and Hie(k) are presented in Table 5 .1.
Truncation Errors of Laplace Beltrami Operator
Let p j , j ∈ N (i), be the neighbor vertices of p i . Then plug the Taylor expansion (4.5) of f into (1.1), we obtain an expansion of ∆ M f (p i ):
where 
where L(r, p i ) ∈ IR 3×3 is the right-handed side matrix of (6.4). Using Theorem 3.1, Theorem 4.1 and the expansion (6.1), we have
where lists the mean errors ME 1 and ME 2 for these triangulations. For a mesh M , the mean error ME i (M) are defined as follows ME j (M ) = 1 (5)) (the first), E 2 (Hie (5)) (the second) and E 2 (Opt (5)) (the third) are color-coded. The color map is shown on the right. Second row: Error functions E 2 (Gen (5)), E 2 (Hie (5)) and E 2 (Opt(5)) are plotted as functions on spherical surface
Conclusion
We have shown that, for a sphere it is possible to construct triangulations such that the discrete mean curvature is exact. However, it may not possible to make discrete LB operator converge for any function over the sphere. Hence, we have sought such spherical triangulations that the truncations error is minimal. The constructed triangulations Opt(k) are optimal in the sense that they make the discrete mean curvature approximation exact and truncation error of the LB operator is minimal. Furthermore, the theoretical analysis has shown that the modification over the discrete LBO proposed by Meyer et al. is very significant, which makes the discrete mean curvature always converge.
